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1 History

Bettazzi 1890. A commutative archimedean totally ordered group is an or-
dered subgroup of the reals.

Holder 1901. An archimedean totally ordered group is an ordered sub-
group of the reals (without assuming commutative, and without mentioning
Bettazzi).

Hahn 1907. Every commutative totally ordered group embeds in a lexi-
cographic direct product of subgroups of the reals (mentioning Bettazzi, but
not Hoélder).

Birkhoff 1935 — 1965. General lattice-ordered groups.

Lorenzen 1939. All commutative /-groups are contained in direct products
of totally ordered groups.

Conrad 1955 — 2000. General lattice-ordered groups.

Quantum mechanics 1900. Multi-valued logic: Lukasiewich 1920.
MV-algebra: Chang 1958.

MV-algebras «» commutative unital ¢-groups: Mundici 1986 [21].

Pseudo (not necessarily commutative) MV-algebra 2001:

Rachunek (at my suggestion); Georgescu and lorgulescu.
Pseudo MV-algebras < unital ¢-groups: Dvurecenskij 2002 [5].

2 VYMYV-Algebras

History (my suggestion to Rachunek).

Definition

A U MV-algebra (pseudo MV-algebra) is an algebra (M;®,”,~,0,1) of
type (2,1,1, 0,0) such that the following axioms hold for all z,y, 2 € M with
an additional binary operation ® defined via

yor=(a &y )"



Exercise. (1) z @ 2~ = 1. The z™ is the “right complement” of .

Proof.
zo~ 2 r® (™) "
A2 Y=Y~
= a0 (27))
4 e (1”& (™))~
O e (z~ 1)
L 100101
EN

Exercise (2). = @2 = 1. The 2~ is the “left complement” of x.

If we define x < gy iff v~ @y =1, then < is a lattice order.
Proof: .........

Definition An /-group is a group and a lattice such that the lattice oper-
ations are preserved by the binary group operation: z(yVz) = (zy)V(zz) and
(yVz)x = (yx)V(zz) (and z(yAz) = (zy) A(zz) and (yAz)x = (yx)A(zx)).

Example Let € be any totally ordered set and let Aut(Q2) be the group
of all order-preserving permutations of 2. Order G by letting f < g iff for

all « € Q, af < ag. Then G is an f-group. For most ’s; Aut(Q2) is not
commutative.

A WUMV-algebra is an MV-algebra if and only if xt ® y = y & x for all
x,y € M.

UMV-algebra Example

Let G be an f-group and e < u € G. Let
['(G,u) = {g € G | 3 such that e < g < u}.
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Let @&y = (zy) Au, = = uz™!, and 2~ = z7'u. Then ['(G,u) is a
UMV-algebra. Then I'(G, u) is an MV-algebra iff G is commutative.

3 Unital /-groups and YMV-algebras are
categorically equivalent

Definition A unital (-group is (G, u) where G is an ¢-group (not necessarily
abelian), and e < u € G is a strong unit. That is, for all g € G there exists
n € N such that ™ < g < u".

Example. Let GG be any (-group, and e < u € G. Let
H ={g € G|3neNsuch that u™" < g <u"}.

Then (H,u) is a unital ¢-group.

Theorem 3.1 (Mundici, 1986 [21]) Abelian unital (-groups are categorically
equivalent to M'V-algebras.

Theorem 3.2 (Dvurecenskij, 2002 [5]) Unital £-groups are categorically equiv-
alent to W MV-algebras.

Example

The unital ordered group of real numbers (R, 1) with unit 1 is completely
determined by the MV-algebra ([0, 1], ®,”,0,1) with @y = (r+y) A1 and
- =1-—ux.

Outline of proof:

1. First step: extend [0, 1] and its arithmetic to [0, 2].

On [0,1] we haveu =1, 2@y = (r+y)Al, 2~ =1—x, and <. Then
0,2] = [0,1] U (1+[0,1]), and w* = 1 + 1.

Forz,y € [0,1),z <* 14y, s <y zr<y,and l+z < 14+y <z <y.

Forxz e [0,1], 27" =142 and (1 +2) " =a".

In [0,1], for z <y, defineycr=(zdy )" =1—((z+(1—y))Al)=
l—(z+1—-y)=y—a. Then (yozr)dzr=((y—x)+2)AN1l=yAl=y.



Now we look at addition on [0,2]. Let z,y € [0,1] and x < y. I[f x4y < 1,
then z ®*y=ocdy=o+y for+y>1thenzx >1—-—yand xd*y =
cty=1+@—-(1-y)=1+@cy).

Next, for z,y € [0,1], 1+ 2)+y =1+ (z+y) =1+ (zd" y). So
l+z)d'y=1+ (@ y) =1+ (z+v).

Finally, (1+2)®* (1+y) = (14+2)+(1+y)A2 = (2+2+y)A2 = 2 = u*.
In particular, &* is completely determined by &

2. We now repeat this process, going from ([0, 2], ®*,7* ) to ([0, 4], &**,7*"),
obtaining for each x,y € [0,2], 2@ y =2z y=xdy=1x+v.

Inductively, we have for each n, ([0,2"],®™*,”™) with for each z,y €
0,271, 2 +y =z @™ y.

Finally, for each 0 < z,y € R there exists n such that x,y < 2", and so
rTH+y=xd"y.

Thus, the positive part of the ordered group of real numbers RT is
completely determined by ([0,1],®,” ). The entire group is all x — y with
x,y € RT.

Definitions Let G be an ¢-group and e # g € G. Then there is a (not
necessarily unique) convex ¢-subgroup V of G, maximal wrt g &€ V. Then V
is a value of g. The set G/V of all right cosets Vz has a natural total order
with Vo < Vy iff 32 € V with z < zy. Then there is an /-homomorphism
¢ G — Aut(G/V) with (Vz)(g¢) = Vg, so Go C Aut(G/V). Also, letting
V* be the intersection of all convex ¢-subgroups of G containing V" and g, V*
is the cover of V, and V*/V is an interval of G/V. The restriction of ¢ to V*
puts V*¢ C Aut(V*/V), and V*¢ = V*/(Nyey=V7) (where V9 = g~ 'Vg).

As a consequence,

Theorem 3.3 (Holland, 1963 [9]) For every (-group G there exists a totally
ordered set 0 such that G C Aut(2).

Definition Variety = equationally defined class: If ¥ is a set of equa-
tions with variables x1, s, ... and operations of some type of algebra, then
the variety defined by ¥ is the collection of all algebras G of the given type
such that each of the equations in X is true for every substitution of elements
of G That is, G satisfies each equation in ¥. ( Warning! Not everyone agrees
with this definition. They insist on calling these “equational classes”.) The
variety generated by an algebra G is the collection of all algebras which sat-
isfy each of the equations satisfied by G.



Varieties of unital /-groups correspond exactly to varieties of WMV-algebras:

Theorem 3.4 ( Dvurecenskij and Holland, 2007 [6]) Let V be a variety of
unital (-groups, and let T'(V) be the collection of all W MV-algebras (isomor-
phic to) I'(G,u) where (G,u) € V. Then I' is an isomorphism from the
lattice of all varieties of unital (-groups to the lattice of all varieties of WM V-
algebras.

Proof. Suppose first that )V is an equational class of unital ¢-groups. We
use the categorical equivalence of WMV-algebras and unital /-groups, and we
show that I'(V) is a variety by invoking Birkhoff’s theorem.

L(V) is:

1. Closed under subalgebra: Let I'(H, u) be a subalgebra of I'(G, u), and
(G,u) € V. Then (H,u) is a unital ¢-subgroup of (G, u), and so (H,u) € V.
Hence I'(H,u) € T'(V).

2. Closed under homomorphic image: Let I'(G,u) € T'(V) and let ¢ :
['(G,u) — I'(H,v) be an epimorphism. Then (G,u) € V, and there is an
epimorphism ¢ : (G,u) — (H,v) such that ¢|. = ¢. Then (H,v) € V, and
so I'(H,v) e I'(V).

3. Closed under product: For any ¢-group G and any e < u € G, let
(G5 u)) denote the convex ¢-subgroup of G generated by u. That is,

(Gsu) ={geG|In,u " <g<u"}

Then u is a unit of ((G; u)), and so ({G;u)), u) is a unital {-group. Let A be an
index set, and for each A € A let (G, uy) be a unital (-group. Let @ € TIG),
be such that w(\) = uy for all A € A. Then ({(IIG,);u)),u) € V because it is
clear that each of the equations of V is satisfied by ({((IIG)); @)), w). And it is
also clear that II(I'(Gy,uy) = T({(IIG,); u)), u). Therefore, II(I'(Gy,uy)) €
V.

Suppose now that Vi, V, are two different equational classes of unital /-
groups. We may assume that there is some (G,u) € V1\V,. Then I'(G,u) €
I'(V1). But I'(G, u) € T'(Vs), because otherwise I'(G, u) is isomorphic to some
['(H,v) with (H,v) € V,. But then (G, u) is isomorphic to (H,v), forcing
(G,u) € Vs, a contradiction. Therefore, the mapping is one-to-one.

Now let W be any variety of WMV-algebras. Then W is defined by a
set of equations X. For each (¢ = 7) € ¥, let (¢/ = 7') be the equation in
the language of unital ¢-groups obtained from (o = 7) by replacing = @ y
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with (zy) A u, = with ux™!, ™~ with z7'u, 0 with e, and 1 with u. Then
['(G,u) = (o =7) iff for all g1,...,9, € [e,u], 0(g1,---,90) = T(g1,- -, 9n),
and this is true iff [e,u] E (¢/ = 7'), that is, for all ¢1,...,9, € [e,ul,
' (g1,--s9n) =7 (91,---,9n). Now let (¢ = 7") be the equation obtained by
replacing each variable z in (¢' = 7’) with (x Au) Ve. Then [e,u] = (o = 7')
iff (G,u) |= (0" =7"). Because if [e,u| = (¢/ =7') and ¢1, ..., 9, € G, then
each (g;Au)Ve € [e,u],s0 0"(g1,...,9,) =’ (g1 Au)Ve,...,(go ANu)Ve) =
T(grAu) Ve ....(gn ANu)yVe)=1"(g1,...,9,). And if (G,u) = (¢ =71"),
and gi,...,9, € [e,u], then each (g; Au) Ve = g;, and so 0'(g1,...,9,) =
d(gpANu)Ve,....(gnANu)Ve)=0d"(g1,. - 9n) = 7" (915, 90) = 7' ((g1 A
u)Ve,...,(gn Nu)Ve)=1"(g1,...,9,). Hence, if V is the class defined by
all equations (¢” = 7") with (¢ = 7) € ¥, then I'(V) = W. Therefore, the
mapping is onto. O

(Day 2):

4 Varieties of /-groups

1. Group equations which hold in ¢-groups.

Theorem 4.1 The only group equations which hold in all ¢-groups are those
which hold in all groups.

Proof. Every free group can be totally ordered (see Darnel’s book), and
then is an /-group. So if a group equation holds in all ¢-groups, then it holds
in all free groups, and hence also in all groups. a

2. Lattice equations which hold in ¢-groups.

Theorem 4.2 The only lattice equations which hold in all £-groups are those
which hold in all distributive lattices.

Proof. Every ¢-group is a subgroup and a sublattice of Aut(€2) for some
totally ordered set © (Theorem 3.3). Beause every totally ordered set is a
distributive lattice, it is easy to check that for every f,g,h € Aut(Q2) and
every « € €,

a(fV(gAh) = (af)V((ag) A(
= ((af)Vag) A((af)V(ah))
fv



Hence, fV(gAh) = (fVg)A(fVh); and similarly, fA(gVh) = (fAg)V(fAR).
Therefore every (-group is a distributive lattice. a

Theorem 4.3 Distributive lattices are the smallest non-trivial variety of lat-
tices (contained in all others).

General form of an /-group equation: because any ¢-group is a distributive
lattice, and the group product distributes over the lattice operations, and
(xVy) "t =2 'Ay tand (zAy)~t =271 Vy ! every equation has the form:

Vi Ng I Zpgr = Vi A nYimn

and so
vp /\q erpqr(vl Am Hnylmn>71 =e€

and hence equivalently, for certain choice of w;;i, all equations have the form
\/i /\j Hk‘wijk = €.

Each of the w;; is a “group word”. That is, an expression of the form
w=w(xy, T, ...,Tn) = 1Y2 - Ym Where each
-1 -1 -1
Yi S {xlu'rl y L2, Lo 5oy T, Ty, }

And the expression V; A; [T w;j; is an ¢-group word.
Decidability of the word problem for /-groups

The word problem for ¢-groups: Is it possible to determine which equa-
tions hold in all ¢-groups?

First step: finding the equations which hold in Aut(R) (or any highly
transitive Aut(2)):

Possible action of a group word on R: Let o € R and ¢1,92,...,9, €

Aut(R).
1.1 w = zy. Then w(g;) = g1.
<o ,or
agi{ =a ,or
> Q.



dg; € Aut(R) such that o < agy, so w(gy) # e.

1.2 w = z125. Then w(g, g2) = g192-

*<ag <o ,or
*=ag <« ,O0r
agp < x<a ,or
agy < x*=a ,or
agp < a < *.

If ag; < @, then ag1go = +:

Pictures............

*<agp=a«aq ,O0r
*=aQg =« ,O0r
agp = a < *.

If agy = a, then ag;gs = % :
Pictures....

*<a<ag ,or
*=a<ag ,or
a<x<ag ,or
a<agg =% ,o0r
a<agp < *

If ag; > a, then agygs = x:

Pictures........
In each case, 391, g2 € Aut(R) such that a < ag;gs, so w(gi, g2) # e.

-1
1.3 w = z1297] )

If a < agy < agigs then agigogy t = * :

\

NOT x < a < ag; < agi1gq
NOT x = a < ag; < agi1gq

a<x < ag < agigs
a < agy =* < agig?
a < agr < *x < agigs
a < agr < agigz =*

o< agr < agige < k.

9
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Etc....... In each case, 3g1,92 € Aut(R) such that a < agig.g;’, so

w(g1, g2) 7 €.

And so forth

or
or
or
or
or
or



Next, for words of the form Aw; with group words {w;} where a(Aw;) =
Ai(aw;). Finally for words of the form V,;(A;(w;;)) where

a(Vi(Ai(wsi))) =V Ai (Qwji).

To see if Aut(R) satisfies V,;(Ai(w;;)) = e with w;; = w;j(x1, z2, ..., 2),
we need to see if for some choice of ¢, gs,...,9, € Aut(R), and for some
a € R,

a(Vj Ai (Qwji(gr, g2, -5 gn))) # .

For example, consider w(z;) = (z; Ve) A (z; Ae) L.

If gy = athen: ag1 Vae=aVa=a=a=ag Nae = a(g Ae);so
a(gi Ae)™! = a and therefore a((g1 Ve) A (g1 Ae)™) =aAa=a.

If o« < gy then: a(g;Ve) = agi Vae = ag; and a(g; Ae) = agi Aae = q;
soa(ggAe) P =aand a((g1Ve)A(giAe)™ ) =ag Aa=a.

If ag; < athen: a(g;Ve) = agy Vae = a and a(g; Ae) = agi Aae = ag;.
Therefore a < a(g; Ae)™t. Hence a((g1Ve)A(g1Ae)™)) = aha(ghe)™ = a.

Thus, in any case a((g1Ve)A(g1Ae)™)) =a,so (g1 Ve)A(giAe) ) =e.

Therefore, Aut(R) satisfies w(z;) = e.

Theorem 4.4 Aut(R) (or any (-group G highly transitive on some A) gen-
erates the variety of all £-groups.

Proof. Suppose w(zy,xs, ..., x,) # ein some (-group G. Then there exist
91,92, ---,9n € G such that w(glag% s 7gn) = \/j/\i (wji(glag% s agn))) 7& €.
We can assume that G C Aut(Q2). For some a € Q, aw(g1,92,...,9n) #
«. There is a finite diagram involving « and each of its images under all
parts of the word w(g1, 92, ..., 9n). This diagram can be embedded into R,
and because Aut(R) is highly transitive, there are ¢7,¢3,...,¢9: € Aut(R)

which have the same action in the diagram as g¢i,¢o,...,¢9,. Therefore,
aw(gy, g5, - -, 9,) # o, and so w(gy, g3, ..., g,) # e
Picture.....

It follows that every equation satisfied by Aut(R) is satisfied by all ¢-
groups, and so Aut(R) generates the variety of all /-groups.

Therefore,

Theorem 4.5 (Holland and McCleary, 1970 [14]) The word problem for free
(-groups (that is, for the class of all £-groups) is solvable.
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Theorem 4.6 (Weinberg, 1963 [24]) The Abelian variety of €-groups is gen-
erated by 7., and so it is the unique minimal non-trival variety of -groups.

Definition If G C Aut(£2), then G is primitive if G is transitive on €2 and
there is no non-trivial G-congruence on €. That is, no equivalence relation
~ such that

(i) a = § and g € G implies ag ~ (g; and

(ii) < B <y and a = 7 implies o = [
except for the relations o &~ < o = 3, and Vo, 3, a = (.

For example, for any ¢-group G, if e # g € G and V is a value of g with
cover V*, then the induced image V*¢ C Aut(V*/V) is primitive. V*¢ is
called a component of GG

McCleary’s Trichotomy ([19]) There are just three types of primitive
(-permutation groups G C Aut(f):

1. G is (isomorphic to) an f-subgroup of the real numbers, permuting
itself by translation;

2. G is a highly transitive (-permutation group. That is, for any two finite
subsets of € of the same size, 1 < ap < -+ < a, and 1 < B < +++ < [,
there exists g € G such that for each i, a;g = (;;

3. G is periodic; that is, 2 is dense in itself, and lettting 2 be the dedekind

completion of €, there is a natural embedding G C Aut(2) and an element

t € Aut(Q2) such that for any o € Q, {at” | n € Z} has no upper or lower
bounds, and for all ¢ € G, gt = tg; and if h € Aut(Q) and for all g € G,
hg = gh, then for some n, h = t". Then t is the period of G. In this case, G
is locally highly transitive. That is, for any « € €2, G is highly transitive on

the interval (o, at). Also, G is not commutative.

Thus, these are the only three types of components of an /-group. If every
value in G is normal in its cover, then G is normal valued. The collection of
all normal-valued /-groups is denoted by N, and in N, every component is
a subgroup of the real numbers.

Theorem 4.7 (Wolfenstein, 1968 [25]) N is a variety of (-groups, defined by
the “equation”: for all e < z,y, ry < y*z? (equivalent to |x||y| A |y|?|z]* =

|zly].)
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Example Every totally ordered group is normal valued. But any /-
permutation group which is highly transitive, or even locally highly transitive
fails Weinberg’s equation, and so is not normal valued.

Theorem 4.8 (Holland, 1976 [10]) N is the unique mazimal proper variety
of C-groups.

Proof. N is proper; for example, Aut(R) is highly transitive, and so
Aut(R) € N. And if G ¢ N, then some g € G has a value V' which
is not normal in its cover V*. Then the primitive component V*¢ is not
commutative, and so is either highly transitive or locally highly transitive.
Then V*¢ generates the variety of all ¢-groups. But V*¢ must lie in the
variety generated by G, and so the variety of G is all /-groups. O

(Day 3):

Covering Layer of the Abelian Variety

Because the Abelian variety of /-groups A is defined by a single equation,
every variety which properly contains A contains a cover of A. Thus, A has
a covering layer of varieties.

Examples of covers of A

The Scrimger varieties (1975 [23]). For each prime number p, let S, be

the variety generated by ({a;) x (ag) X -+ X (ay,)) x (b), where for 1 <i <mn,
b_laib = Q11 and b_lai+1b = Q.

The Medvedev varieties (1977 [20]). Let M™ be the variety generated
by

(Siez (a:)) % (b)

where b~ ta;b = a;41.
Let M~ be the variety generated by

(Siez (a:)) % (b)

where b~ 'a;b = a;_;.
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Let My be the variety generated by

—

({ar) X (az)) > ()

where ba; = a;b and b~ tasb = aqa,.

Let G be a totally ordered group and z,y € G. Then x << y means that
foralln e N e <a” <y.

The Feil-Bergman-Kopytov varieties (1980 [7], 1984 [1], 1985 [17]).
Let F' = (a, b) be the free group on {a,b}. Then F' can be made into a totally
ordered group F, such that if z << y then z << y~'ay. Let F, be the variety
generated by F,.

Similarly, F' can be made into a totally ordered group F_ such that if
r << y then (y~'zy) << x. Let F_ be the variety generated by F_.

The Holland-Medvedev varieties (1994 [15]). Let ' = (a,b) be the
free group on generators {a, b} and let s = (sq, 9, . ..) be a sequence of +1’s.
There is a total order of F' with the following properties:

(1) e < a << b; let go =a and hg = b.

(2) If s; = +1 then a << a® and if s; = —1 then a® << q; in either case,
let g1 =aAa’and hy =aVa’.

(3) For every i € N, g; << hy; if ;11 = +1 then h; << hY" and if s;11 = —1
then h" << h;; in either case, let g;11 = h; A b and h;y1 = h; V h".

Let F; be the group F with the described total order and let F; be the
variety generated by F;. Then F, is a cover of A. and although some dif-
ferent sequences can produce the same variety (eg., (+1,—1,+1,—1,...) and
(—1,41,—1,4+1,...)), there are continuum many different F’s.

There may be other covers of A, but so far (in the last 15 years), none
have been found.
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5  Varieties of unital /-groups

Varieties of Abelian uf-groups, equivalent to varieties of MV-algebras (The-
orem 3.4): Completely determined by (Komori, 1981 [16])

MY Komori 1981

= Var(I'(Z,1))

B
£

Boolean = B, generated by (Z,1).

Every variety of Abelian unital /-groups is the join of a set of varieties of
the following types:

Ko, K1, Ko, sy K,y -

Var(I'(Z,n)) < K, = Vary(Z,n) is the ul-variety generated by (Z,n);

and ]Coo,la ICOQQ, cee

Var(I'(Z x Z,(0,n))) < Kon = Varw(Z x Z,(0,n)) is the ul-variety
generated by (Z x Z,(0,n)).

Theorem 5.1 (Chang’s completeness theorem (1958 [2])
MV = Var(T'(R, 1)) < Ay.

Theorem 5.2 (VMV completeness theorem (2007 [6]) Let u € Aut(R) be
the translation au = o+ 1, and

BAut(R) = {g € Aut(R)) | Ine N, v " < g <u"}.

Then the equations satisfied by I'(BAut(R),w) are just the equations satisfied
by all GMV-algebras. So Var(BAut(R),u) < all ul-groups.
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Theorem 5.3 FEvery proper variety of unital (-groups contains B = the
Boolean variety.

Proof. If (G, u) is a unital /-group and u # e, then a subalgebra of (G, u)
is ((u), u) = (Z,1). O

Bottom varieties: covers of Boolean

Theorem 5.4 The Boolean variety B is defined by the equation;
(xVe)Auy Nu= (zVe)Au.

(This corresponds to the GMV-equation v & x = x. )

Proof. (Z,1) clearly satisfies the equation. Conversely, suppose (G, u)
satisfies the equation. We may assume that (G, u) is subdirectly irreducible
and G # {e}. Then G is a transitive (-subgroup of some Aut(2). Let v €
and e < g <w € G. Then {au” | n € Z} is unbounded above and below in
Q. Assume that a # ag # au. Then a < ag < au. Then ag < ag® A au, a
contradiction. Therefore, for all a € €, either ag = o or ag = au.

Suppose that g # e. Then for some «, o < ag = au. Then ag < (ag)g,
so also ag? = (ag)g = (ag)u = au®. Similarly, for all n € Z, ag" = au”.
But then {ag™ | n € Z} is unbounded, so for every § € Q there exists n € Z
with ag” < 3 < ag"™™. Then 8 < ag"™ < Bg, so 3 # (g, and therefore
Bg = Pu. It follows that g = u.

Thus, in G, the interval [e, u] = {e,u}, and since G is determined by this
interval, (G,u) = ((u),u) =~ (Z,1). O

Komori varieties _
K, = Var(Z, p) for each prime p; and K1 = Var(Z x Z, (0, 1)).

Medvedev varieties

The first two noncommutative varieties of unital {~groups covering B were
described in [11], and were based upon two of the three Medvedev varieties
of ¢—groups which cover the variety of abelian ¢-groups [20].

M is the (-group variety generated by

(Siez (a:)) % (b)

where b~la;b = a;11. Let M7, = Vary((Siez (a:)) x (b), (0,b)).
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M~ is the {-group variety generated by
(Biez (ai)) x (b)

where b~'a;b = a;_1. Let M, = Varug((iez (a;)) x (b), (0,0)).
Then M, and M, cover B.
It was also shown that M, # M7,

Feil varieties For each real number 0 < o # 1, let C,, be the subgroup
of R generated by {a’ | i € Z}, and let F, = C, ;¢ Z where for ¢ € C,
cp = c-a. Let F, = Vary(F,,(0,1)). (Note: this is not F, where s is a
binary sequence.)

Each F, covers B, and if a # [ then F, # Fz ([12]).

Theorem 5.5 (Darnel and Holland 2009 [3]) The only solvable covers of the
Boolean variety of ul-groups are IC, for p a prime, K1, M},, M, and F,
fora e R with 0 < o # 1.

There surely must be some non-solvable covers of B, but none are known.

(Day 4):

6 Top varieties

Definition If V is a value of the unit v in a uf-group, then the cover of
V must be V* = G. Let ¢ be the natural homomorphism ¢ : (G,u) —
Aut(G/V). Then G¢ =~ G/(NgecV?), and (G, u¢) is a top component of
(G,u), and is a primitive f-automorphism group on the totally ordered set
G/V.

If V is a variety of ul-groups then top V is the collection V of all ul-groups
in which every top component belongs to V. Clearly, if V C W then Y CW.

Theorem 6.1 (Dvurecenskij and Holland 2007 [6]) For every variety V of

~

wl-groups, V is a variety of ul-groups, and V C V.

Proof (outline). These are equivalent:
1. For every value V' of u, the component (G/K(V), K(V)u) satisfies
w = e (where K (V) is the intersection of all conjugates of V);
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2. (G,u) satisfies all “equations” of the form |wjws---w,| < u, where
each w; is a conjugate of w. O

Definition If V is a variety of uf-groups, then Visa top variety.

Each top component of any (G,u) is primitive, so by McCleary’s Tri-
chotomy, must be either:
1. A subgroup of the reals with some choice of unit,
2. Highly transitive, or
3. Periodic.

Examples of Top Varieties

In what follows, if V is a variety of f-groups, then V,, will denote the
collection of all unital ¢-groups in V. Then V,, is the variety of ul-groups
defined by the same equations which define V (and don’t contain u).

1. Top Abelian = Ay If each top component of (G, u) is Abelian, then
each is isomorphic to a subalgebra of (R, 1).

2. Top Boolean = B. Each top component is isomorphic to (Z,1).

3. Top Normal-valued = Ny If each top component of (G, u) is normal
valued, then since neither highly transitive nor periodic is normal valued,
each is isomorphic to a subalgebra of (R, 1). Hence (G,u) is top Abelian.
And since A C N, Ay € Ny Therefore A,y = Ny

4. If V is a variety of (-groups, and if V is proper, then A C 'V C N.
Therefore, V,y = Ay

5. If each top component of (G,u) is Abelian, then each will be an ¢-
subgroup of the reals with some choice of unit. Thus, each will be either
(Z,n) or dense. If one is dense, the the top variety is Ay. In the other
cases, it will be the join of the top varieties generated by various (Z,n). In

particular, it will not include K ;.

6. (See Theorem 4.4) If some top component of (G, ) is highly transitive,
then the top variety generated by (G, u) is L, = all ul-groups.
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7. In Aut(R), for each r € R let ¢, be translation by r; that is, for all
a€R at, =a+r. Let G ={g € Aut(R) | gt = t19}. In particular,
t? = t,. Then G is a primitive periodic ¢-group. Each of ¢; and ¢, is a unit of
G, and the variety generated by (G, ty) is contained in the variety generated
by (G, t1). Proof: The mapping ¢ : G — G defined by a(g¢) = ((2a)g)/2 is
an embedding of the ¢-group G into G, and te¢ = tq1, so ¢ : (G, ts) — (G, t1)
is a uf-group embedding.

Definitions

For any ul-group (G, u) let TopComp(G, u) be the set of all top compo-
nents of (G, u).

For any set W of ul-equations (of the form w = w(xy,xs,...,2,) = €),
let V(W) be the variety of uf-groups which satisfy all members of W

Let V(W) be the top variety corresponding to V(W) that is, all uf-groups
(G, u) such that TopComp(G,u) C V(W).

Let P(W) be all primitive uf-groups which satisfy all members of W;
P(W) is the primitive variety defined by W. For a primitive ul-group (G, u),
let P(G,u) be the primitive variety generated by (G, u); that is, if W is the
set of all equations satisfied by (G, u), then P(G,u) = P(W).

Let W* be the set of all equations of the form |wjws - --w,| < u where
each w; is a conjugate of some w with (w =e) € W.

Lemma 6.2 For any set W of equations and any ul-group (G, u), TopComp(G,u) C
POW) iff (G,u) € V(W) .

7 Primitive Varieties

Each primitive variety is the join of the principal primitive varieties contained
in it; that is, the primitive varieties generated by a single primitive uf-group.
Therefore, what remains is to investigate these principal primitive varieties,
and how they are related to each other.

In what follows, let (G, u) be primitive. There are just three types.

1. Highly transitive.
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Theorem 7.1 If (G,u) is highly transitive, then V(G,u) = Ly = all ul-
groups, so P(G,u) is all primitive ul-groups.

Proof. By Theorem 4.4, (G, u) generates the ul-variety of all ul-groups.
Therefore P(G, u) is all primitive uf-groups.

2. Abelian.

If (G, u) is Abelian then G is an (-subgroup of the totally ordered group
of real numbers.

If G is dense, then by Komori’s theorem, V(G, u) is all Abelian uf-groups,
and so P(G, u) is all £-subgroups of the totally ordered group of real numbers
with arbitrary choice of unit.

If G is not dense then G ~ Z and so (G, u) ~ (Z,n) for some positive in-
teger n. Then P(G,u) = {(Z,m) | m|n}, a finite set. And P(Z,m) C P(Z,n)
iff m|n.

(Day 5):
3. Periodic.
Now assume that (G, u) is primitive periodic.
Theorem 7.2 Let
G ={g € Aut(R) | gt = t1g}.

Then every variety generated by a primitive periodic uwl-group is also gener-
ated by (G, u) for some u € G such that for all @ € R, a < au.

Thus, in what follows we assume that G; is the (-subgroup of Aut(R)
consisting of all g such that gt; = t;¢, and we need only examine P(Gy, u)

for various choices of w.

To proveTheorem 7.2 we need the following lemmas.

Lemma 7.3 For any ul-group (H,u), the variety generated by (H,u) is the
same as the variety generated by a certain countable subalgebra of (H,u).
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Proof. There are only a countable number of equations. For each equation
which is violated by (H,u) there is a finite set of elements which violate the
equation. So there is a countable set S of elements of H such that each
equation violated by (H,u) is violated by a subset of S. Therefore, the
subalgebra generated by S is countable and generates the same variety as
(H,u).

Lemma 7.4 If g € Aut(R) and for all « € R, a < ag, then there exists an
automorphism ¢ of Aut(R) such that g¢ = t;.

Proof. Let 0 € R. There exists an isomorphism of the ordered sets
¥ 2 [0,09) — [0,0t;]. Extend ¢ to [0g,0g%) by arh = ag~'4t;. Continue to
all of R so that for each n € Z, if 0g" < a < 0g"™!, then ay) = ag t;.
Then ¢ € Aut(R). Now define ¢ : Aut(R) — Aut(R) by f¢ =1~ f1. Then
g0 =Vl =P lg(gT M) =t

Lemma 7.5 If H C Aut(Q) is a countable primitive periodic {-group on
Q with period p then there exists an embedding ¢ : H — Aut(R) onto an
(-subgroup with period t;.

Proof. Then 2 is a countable set which is dense in itself, and therefore
Q2 ~ Q. Then every ¢ € H as an automorphism of Q can be uniquely
extended to an automorphism of R. The period p will have the property
that for every a € R, a < ap (otherwise, for some a, ap = «, and then for
all g € H, also ag = a. But since H was transitive on (2, it is also transitive
on Q, so it cannot be that every g fixes «).

It now follows from the previous Lemmas that there is an isomorphism
of H — Aut(R) which sends p + t;.

Now, to prove the theorem. Let (H,u) be a primitive periodic uf-group
and let V be the variety it generates. By Lemma 7.3 we may assume that H
is countable, and so by Lemma 7.5 we may assume that H is an ¢-subgroup
of Aut(R) with period ¢;. Since G is the group of all elements of Aut(R)
which commute with t;, then H is an ¢-subgroup of G;. Let V* be the variety
of ul-groups generated by (G, u). Then clearly V C V*. But because of the
local high transitivity of G, any equation which is denied by (H,u) is also
denied by (Gy, u). Therefore, V = V*. O

For the following five theorems, see [13].
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Theorem 7.6 P(G,t,,) C P(Gy,t,) iff njm.

Proof. There exists an embedding ¢ : (G, t,) — (Gy,t,) such that
tm¢ =t, and t1¢ = t,/m,. (See Example 7, which is a special case of this.) O

Theorem 7.7 P(Gy,t1,) € P(Gy, t1)4) iff plg.

Theorem 7.8 P(Gy,ti),) = P(zvu? = uPx). That is, P(Gy,t1/p) s defined by
the single equation xuP = uPx.

Theorem 7.9 P(Gy,tn/p) C P(Gy,tn/q) iff plg and nlm.
Theorem 7.10 Forn > 2, P(Gy,t,/,) = P((zy ' Ay"u " Aule™™) Ve = e).

Note: This equation is equivalent to “For all x,y € G; and all o € R,

n »

either ax < ay or ay™ < au? or au? < azx”.

For the following four theorems, see [4].

Theorem 7.11 The intersection of any infinite collection of P(Gy,t,)’s is
P(R,1), the set of all Abelian primitive ul-groups.

Theorem 7.12 The join of any infinite collection of P(Gy,t1,) is the vari-
ety of all primitive wl-groups.

Theorem 7.13 Fvery P(Gy,u) is proper, that is, not equal to all primitive
ul-groups.

Theorem 7.14 For positive real numbers r, s withr # s, P(Gy,t,) # P(Gy, ts).
Therefore, there are continuum many primitive varieties.

Theorem 7.15 (Darnel and Holland [4]) The intersection of all P(Gy,u)
contains the Abelian variety Ay, and is contained in the symmetric and top
Abelian varieties.

Some open questions

1. What are the relations between P(Gy,t,) and P(Gy,ts) when at least
one of r, s is irrational?
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2. What about P(Gy, u) when u is not a translation?

3. Is the intersection of all the primitive periodic varieties equal to A? Or
equal to the intersection of the symmetric and top Abelian varieties? (See
Theorem 7.15.)

4. Are there any non-solvable covers of B? They would probably be gen-
erated by totally ordered ul-groups. The non-solvable covers of the Abelian
variety of {-groups are all generated by totally ordered groups.

Other observations. There are continuum many g € Gy such that ¢ = ¢,
and for each of them P(Gy, g) = P(Gy, t1/2).
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