
Chapter 7. Theorems and Postulates of Quantum Mechanics

Theorem: a true statement that can be proven.
Postulate: a statement that is assumed true without proof.

Theorems:

1. The eigenvalues of a Hermitian operator are real numbers.
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Examples of Hermitian operators:

1 One‐particle 1D potential energy operator: ( ) ( )⋅= xVxV
^

1. One particle, 1D potential energy operator: ( ) ( )⋅= xVxV
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2. Two eigenfunctions of a Hermitian operator B that correspond to different eigenvalues2. Two eigenfunctions of a Hermitian operator B that correspond to different eigenvalues 
are orthogonal. Eigenfunctions of B that belong to a degenerate eigenvalue can be chosen 
to be orthogonal.
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Proof: For two functions F and G: sFFB =
^

We want to prove that: 0* =∫ τdGF

2

tGGB =
^

We want to prove that:  ∫



*^^
* ⎟

⎠
⎞

⎜
⎝
⎛= ∫∫ ττ dFBGGdBF

( )

*

****

**

==

=

∫
∫∫∫

∫∫
τττ

ττ

dGFsdGFsGdFt

dsFGGdtF

0)( =− ∫ τdGFst

0
*

=∫ τdGF

We can choose G and F to be orthogonal.
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3. Let the functions g1, g2… be the complete set of eigenfunctions of the Hermitian operator 
A and let the function F be an eigenfunction of operator A with eigenvalue k; then if F is 
expanded as F=Σa g the only nonzero coefficients a are those for which g has theexpanded as F=Σaigi, the only nonzero coefficients ai are those for which gi has the 
eigenvalue k.

-We showed in Chapter 4 that Taylor series can be used to expand a function as a p y p
linear  combination of powers of (x-a). We can also use other functions for expansion. 
For example: sine and cosine in Fourier series. We can also expand a function using 
eigenfunctions of a certain Hermitian operator.

-Complete set: if any function f can be expanded using that set of functions.

-Theorem 3 states the following:
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of eigenfunctions of operator A. 
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If F and gk correspond to different eigenvalues, they will be orthogonal and ak will vanish.

4. If the linear operators A and B have a common complete set of eigenfunctions,  then A p p g ,
and B commute.
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5. If the Herminian operators A and B commute, we can select a common complete set of 
eigenfunctions for them.
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- Function Bgi is eigenfunction of operator A with eigenvalue ai. If eigenvalues of i i
operator A are nondegenerate, then gi and Bgi must be linearly dependent (one 
function must be a multiple of another):

^
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6. If gi and gj are eigenfunctions of the Hermitian operator A with different eigenvalues and 
if operator B is a linear operator that commutes with operator A, then:
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- gi is also an eigenfunction of operator B (Theorem 5)
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since functions are orthogonal (theorem 2)
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7. When the potential energy V is an even function, we can choose the stationary state 
wave functions so that each Ψi is either an even function or an odd function.

Even functions: f(x)=f(-x)
Odd functions: f(x)=-f(-x)( ) ( )
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Then, we can choose the 
wavefunctions so that they are either 
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8. If bm is a nondegenerate eigenvalue of the operator B and gm is the corresponding 
normalized wavefunction, then when the property B is measured in a quantum mechanical 
system whose state function at the time of the measurement is Ψ the probability of gettingsystem whose state function at the time of the measurement is Ψ, the probability of getting 
the result bm is given by |cm|2, where cm is the coefficient of gm in the expansion Ψ=Σcigi. If 
the eigenvalue bm is degenerate, the probability of obtaining bm when B is measured is 
found by adding |ci|2 values for these eigenfunctions whose eigenvalue is bm.

iii gbgB =
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bi are the only possible outcomes of a measurementbi are the only possible outcomes of a measurement

Since gi ‘s form a complete set, we can use them to expand Ψ
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Normalization condition
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The average value of a property:
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In general an average value of a certain observable will be an average of NIn general, an average value of a certain observable will be an average of N 
measurement outcomes:

Instead of summing all observed 
values, we can sum all possible

N
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values, we can sum all possible 
outcomes and multiply each possible 
value by the number of times it was 
observed.
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From the two equations above, we can conclude that:

The result of a measurement can be predicted with

2

ibi cP =

The result of a measurement can be predicted with 
certainty only if the wavefunction Ψ is one of the 
eigenfuctions g. If the wavefunction Ψ is expressed as 
an expansion of eigenfuctions g, then c2 represents a 

11

ibi probability that the given eigenvalue will be obtained in 
a measurement.



9. If the property B is measured in a quantum mechanical system whose state function is Ψ, 
then the probablity of observing the eigenvalue bj is:

2

Where gj is the eigenfunction corresponding to the eigenvalue bj.
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Example: Suppose that a particle in a box of length l is in the nonstationary state:
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Give the possible outcomes of the energy measurement and their probabilities.



Possible outcomes:
2
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Since sin(nπ)=0,sine terms to do not contribute. The probability will be:

( )[ ]n145840 For n=1   P=0.87
( )[ ]n

n
14566 −+

π n=2    P=0.123
n=3    P=0.0012
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Postulates of Quantum Mechanics

The formalism of quantum mechanics is based on a number of postulates. These q p
postulates cannot be derived, but are based on a wide range of experimental 
observations. They represent the minimal set of assumptions needed to develop the 
theory of quantum mechanics.

1. The state of a system is described by a function Ψ of the coordinates and time. This 
function, called the state function or wave function, contains all the information that can be 
determined about the system. We further postulate that Ψ is single‐valued, continuous and 

d ti ll i t bl F ti t t th d ti i t bilit i t iquadratically integrable. For continuum states, the quadratic integrability requirement is 
omitted.

2. To every physically observable property there corresponds a linear Hermitian operator. To 
find this operator, we write down the classical‐mechanical expression for the observable 
and then replace each coordinate by operator x∙ and each momentum by: x

i
∂
∂

− h

-Operator must be Hermitian, since observable must be a real number.
-Operator must be linear in order to achieve superposition of states.
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Operator must be linear in order to achieve superposition of states.



3. The only possible values that can result from measurement of the physically observable 
property B are the eigenvalues bi in the equation:

where operator B corresponds to the property B. The eigenfunctions gi are required to be 
well‐behaved

iii gbgB =
^

well‐behaved.

4. If operator B is any linear Hermitian operator that represents a physically observable 
t th th i f ti i f t B f l t tproperty, then the eigenfunctions gi of operator B form a complete set.

This allows us to expand the wavefunction for any state as a superposition of the 
orthonormal eigenfunctions of any quantum-mechanical operator:g y q p

∑=Ψ
i

ii gc

5. The average value of a physical observable at time t is: τdBB ΨΨ= ∫
^

*5. The average value of a physical observable at time t is: τd∫
The probability of observing a certain value bi is: τdgP ibi Ψ= ∫ *

If Ψ is already an eigenfunction of operator B then we are certain to observe
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If Ψ is already an eigenfunction of operator B, then we are certain to observe 
the value bk when Ψ=gk.



6. The time development of the state is given by Schrodinger equation:
( ) ( )tqHtq

i
,, ^

Ψ=
∂

Ψ∂
−
h ( )q

ti ∂

If the Hamiltonian is independent of time: ( ) ( )xetx n

tiEn

Ψ=Ψ
−

h,

Then, the experimental observables (probability of finding a particle and expectation 
value) will not depend on time: 

( ) ( ) ( ) ( ) ( ) ( ) ( )xxxexetxtxtx
iEtiEt

Ψ⋅Ψ=Ψ⋅⋅Ψ⋅=Ψ⋅Ψ=Ψ
− ***2 ,,, hhProbability:

Expectation value: ( ) ( ) ( ) ( )dxxAxdxtxAtxA ∫∫ ΨΨ=ΨΨ=
^

*
^

* If operator is independent of timeExpectation value: ( ) ( ) ( ) ( )dxxAxdxtxAtxA ∫∫ ΨΨ=ΨΨ= ,, If operator is independent of time

Thus, wavefunctions  Ψ(x,t) are called stationary states (note: particle is not stationary)

If the Hamiltonian is dependent of time: the new wavefunction can be expressed 
as an expansion of stationary wavefunctions:

iEt Here, coefficients bk depend on time. To obtain 
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these coefficients, we can use time-dependent 
perturbation theory (chapter 9).



What happens to wavefunction during the measurements?

-The measurement causes a sudden change in the state of a system (collapse of 
a wavefunction). 

A measurement of the property B that yields the result bk changes the state 
function to gk, the eigenfunction of operator B whose eigenvalue is bk.function to gk, the eigenfunction of operator B whose eigenvalue is bk.

Example: before the measurement of the particle’s  position, the system is described 
by a wavefunction Ψ. The measurement of the position yields that the particle is 
somewhere around x=a: a<x<a+da

After the measurement, how does the wavefunction look like? It collapses into Ψ’:

Ψ Ψ’

x xa a+da
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x xa a+da



Matrices

- Matrix algebra is commonly used in quantum mechanics.g y q
- A matrix is a rectangular array of numbers:

⎟
⎟
⎞

⎜
⎜
⎛ n

aaa
aaa

...

...

22221

11211

⎟⎟
⎟
⎟

⎠
⎜⎜
⎜
⎜

⎝

=

mnmm

n

aaa

aaa
A

...
......

...
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22221

- Sum of two matrices: C=A+B: cij=aij+bij

- Product of a matrix with a scalar: D=k·A: dij=k·aij

- Product of two matrices: C=A·B: ∑
=

⋅=
n

k
kjikij bac

1

mxp mxn nxpmxp mxn nxp
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Example: Calculate C=A·B for:
⎟
⎟
⎟
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⎞
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⎜
⎜

⎝

⎛

−

−
=⎟
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⎜
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2
131 BA

⎠⎝

( ) =−+−=−⋅+⋅+⋅−=

⋅+⋅+⋅=

14618
2
1231111

31132112111111

c

bababac

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

34230

25
2
1161C

- Product is not commutative: AB≠BA (in the previous example, BA is not defined)
- Product is associative: A(BC)=(AB)C

Product is distributive: A(B+C)=AB+AC- Product is distributive: A(B+C)=AB+AC

- Square matrix: a matrix with equal number of columns and rows.
- Diagonal matrix: a square matrix having zero for all elements except the diagonal 
ones.
- The trace of a square matrix is the sum of the elements on the principal diagonal. If 
the size of matrix A is nxn, then:

20
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- Unit (identity) matrix: a square matrix with zeros for all elements, except diagonal, 
which have the value of 1:which have the value of 1:

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

100
010
001

I

⎠⎝

The product of matrix with identity matrix gives the same matrix back: IB=BI=B

M t i i t h i M t i d i t h i tMatrices in quantum mechanics: Matrices are used in quantum mechanics to 
represent operators in given basis sets. Each element of the matrix is represented 
as:

τdfAfa
^

*∫= τdfAfa jiij ∫=

-Since basis set functions are orthogonal, non-diagonal elements will be zero, and 
diagonal elements will be the eigenvalues of the given operator.

21



- The matrix representations of operators in a given basis obey the same rules 
relations as the operators and functions:

1. Addition of two operators: ^^^
BAC +=

Matrix representation: ijijjijijijiij BAdfBfdfAfdfBAfdfCfC +=+=⎟
⎠
⎞

⎜
⎝
⎛ +== ∫∫∫∫ ττττ

^
*

^
*

^^
*

^
*

⎠⎝

2. Multiplication of an operator with a constant:
^^
CkD =

ijjiij kCdfCfkD == ∫ τ
^

*Matrix representation:

3. Product of two operators:
^^^
TSR =3. Product of two operators: TSR =

Matrix representation: ∑∑∫∑∫ === kjkjkjjijkjiij TSTdfSfdfTSfkR ττ
^

*
^

*
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