Chapter 5: Angular Momentum

What is anqular momentum?

- A quantity used in describing rotating &)
systems. - i
-1t is defined as a cross product of linear
momentum of the particle (p=mV) and a @
position vector of a particle (r). v 5
Why do we care about angular momentum? NN *“"r‘}
- To describe the motion of electron around L=rxp
nucleus =
Conservation of angular
Review of vectors momentum
- We use cartesian coordinates to represent vectors:
: A=A - i+A-j+A -k
o » A= A2+ A A
a The magnitude of the vector is its length: S

Sum of two vectors: A+B = (A + BX)T+(Ay + By)TJr(AZ + BZ)E
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-The cross (vector) product: it is a vector with magnitude: Ax B| = -siné

lts direction is perpendicular to the plane defined by vectors A and B:

How to calculate vector product:

axh f'a:h T T E
a - - - Az - - Ax
fi b o AxB=|A, Ay AZ:|:y B_JAK Az+k Ay
& y z « B, B, By
b B, B, B,
bxa a k &
=-axXh :
determinant
5 55 -5 g [Forexample, the linear momentum operator:
-Vector operatordel: V=1 —+ j—+k— .
OX oy 0z A

p=—m§

Derivative of the vector: 9 A_7dA 7 dA, | LIA
dt dt dt dt

-We can use vector notation to represent particle’s coordinates:

LP(Xl’ Y1210 X5, Yo, Zz): T(rl’ rz)



Example: A(4,-1,3)

—J16+1+25=+/36 =6

D=(-1)-4+(-1)-2+3-2=-4-2+6=0

A
N
B(-1,2,2) ﬁ
C(3L7)
N
Al="?
i
— - - N
C=A+B="? E=4 -1
- —> _1 2
D=AB="?
> o o E(-8,-12,7)
E=AxB="?
Back to Angular Momentum
Classical mechanics: ..
L=rxp
i oK
. 2Ly oz Xz oo y
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b B, P, S o S
szy'pz_z'py
Ly:_x°pz+z'px
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Quantum mechanics:
- Operators will be taken from classical physics:

Classical Quantum
_ " ., O ., O : 0 ®,
Lo=y-p,—2-p, szy(—lhaj— —|h@yj=—|h£ya za j
Z Z
Ly:_x'pz+z'px Y
" 0 0
L =X-p,—-y-p L, =—ih| Z——X—
Z ’ " oX 0z
" : 0 0
L, =—1A| X——Yy—
oy = OX
-Can we obtallin all th_ree of them simultaneously? L L _o. L L _o L L s
We need to find out if they commute: > v 2
P NoA A A D : 0 0 : of of
{LX,Ly]—LX.Ly—Ly.LX LoLy f :—'h(YE—Za)'(—'h vl gj:
) a(afj a(afj a(éfj a(afjj
=—h"| y—| Z -2 y X— |+Z—| X— | |=
oz\ 0oX oy OX oz\ oz oy\ oz
o of 0t .00 o2 f 0 afj
=—h"|y—+Yy-7z— X——+Z- X——
OX oz ox  dy ox oz oy 01 4



A A 2 2 2
L,-L f=—h2(z-y8 f x-y(9 f+xaf rx-29 fj

v oxoy ozt oy 620y
L,L [=i;aL
AooA 2 Similarly: y e X
{LX,Ly}z—hz yﬂ—xﬂ =inL, Y - :
ax ay N A ) A
L,,L |=1nL,

Thus, we cannot obtain all three components simultaneously.

2

What about magnitude? A2 X N2 A2 A2
Let’s define magnitude operator as: L =|L| =L«+Ly+L;
Some useful transformations with
operators:
1. [A, B}z— B,A}
- - - Now we need to find if magnitude
2 |AB+C {,;, é}[/&,é} operator commutes with operators for
I X,y and z component:
3. :&, AAn:|=0 A2 A
abe[is]éafi] i
4.|AB-C|=|AB|C+B|AC




Rule 1 Rule 3

0
A2 A //\2 A2 A2 A A2 A2 A A2 A A A A A A A
|:L ,Lx:|:|:|_x+ Ly+ Lz,l_xi|:|:|_ ,in|+|:|_y,Lx:|+|:|_z,|_x:|=|:|_y'|_y,Lx:|+|:|_z'|_z,|_xi|
Rule 4

= Ly'|:|_y, Lx:|+|:|_y, Lx:| Ly+ Lz'|:|_z, Lx:|+|:' L., in| L.

R}‘Jlez
=— y'|:|_x, Ly:|—|:|_x, Lyi|'|_y+ Lz'|:|_z, Lx:|+|:'|_z, in| L. =

N N N N

:lh(—l_y Lz—Lz' Ly+ Ly' Lz+ Lz’ Ly :0

A2 A A2 A A2 A
Similarly: {L ,Lx}z{L ,Ly}:{L ,Lz}:o
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So, we can simultaneously determine the magnitude of orbital angular momentum
of the particle and one of the components, say z:
A

z

c-—~"|F—-- Vector L can lie anywhere on the surface of the cone.

Even though we are wusing angular orbital
momentum derived from classical physics, this
does NOT mean that the electron is orbiting around
nucleus.

X

Thus, we can use eigenvalue problem to obtain L, and L2. But, before doing that, we
need to move to spherical coordinates in order to make partial derivatives separable).

X =rSsin @dcosd
N y =rsingdsin @

Z=rcosé

Aé@/ r2=x2+y2 422 7




To convert the operators into spherical coordinates:
cartesian spherical

R i i Operators depend on three
L, = —ih(xi— yi) __in o cartesian coordinates (x,y,z) but
oy = oX 0P only two spherical coordinates
A A A A 2 2
L =L+ L+ L, =—n° 62+cot9 o 4 _12 g - (6,0).
00 060 sin“ 60 oo
Now, let’s solve the eigenvalue problem: L,Y(0,®)=b-Y(8,®)
L2Y(0,®)=c-Y(8,D)

We try a separation of variables: Y(@, CD): S(H)-T((D)

Applying L, operator: _iha%[s(g).'r(q))]:b.s(g) T(®)
_.hs(e)%?): b-5(6)T(®)
dT (cb) b Not a suitable wavefunction,
T@) BT it is not single-valued
. ib®
| (T(CD))zleCD T(®)=A-e’ g



For T to be single-valued, we have the restriction:
T(®+27)=T(D)

b® b2 ib
Ae’ .e " =A.eh
e " =1=e" =cosa+isina=1 —> works for a=21m, where m=0,+1,+2...

b2 T(®)=A-e™

— =2/ =b=mh eigenvalues for L, are quantized
/) m=0,£1,+2...
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How do we get A? _HT ((D)( dd =1
By normalization. 0

2r

[(aem)-(a-e™ ) do = A2 2folcp — A2
0

0

A

1
\ 27

T(@)= | e :
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Derivation of solution for eigenvalues of L? operator is more complex, so we will
present only the solution:

12l 2 o0l L0 [ g(g)—Lem | cs(g)—Lem
06° 060 sin’ @ od? N2 \N 2T

|

I|m|

o m ,— 1=0,1,2...
5(6)=sin™¢ » a,cos’ @
C = |(| +1)h2 Possible values for m are:-l, -1+1,...0, 1....I-1, |

Thus, the final solutions are:

L2Y =1(1+1)n%Y 1=0,1, 2...

LY =miaY m=-l, -1+ ..0..1-1, | ,
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Example: if =2, how many possible outcomes can we have?

; L/=6-7

y4 2h

If g is an eigenfunction of L, and L? operators, how
many outcomes?

Only one outcome

If y is not an eigenfunction of L, and L? operators, how
many outcomes?

Five outcomes
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Eigenfunctions Y are called spherical harmonics. They are complex functions. But, to
visualize them, we can use the real combinations of spherical harmonics defined as:

m_o L

S 2 (Ylm +Yl_m) ST %(Ylm _Yl_m)

Here is how the combinations look like (the plot is made using polar coordinates, where
the distance from the origin to a point on the graph is ST):

m=-2 m=-1 m=0 m=1 m=2

: . .




In polar coordinates, variables 6 and @ are expressed as angles with z-axis. For
example: 1

Soo=ﬁ 810:%\50036?

Z A v A

-The same spherical harmonics are obtained if we solved Schrodinger equation for a
particle rotating on a sphere.

-To describe H-atom, we also treat it as a particle rotating on a sphere. The only
difference is that the solution we obtained in this chapter involves a particle on a
fixed distance r from the center, while in the case of H-atom, the distance between
electron and a nucleus is not fixed. It is determined by Coulombic interactions
between electron and a nucleus (attractive force that decays as 1/r). Thus, the final
wavefunction g for H-atom will be a product of spherical harmonic Y and a radial
function R(r).



