
Chapter 5: Angular Momentum

What is angular momentum?
A quantity used in describing rotating- A quantity used in describing rotating 

systems.

-It is defined as a cross product of linear 
t f th ti l ( V) dmomentum of the particle (p=mV) and a 

position vector of a particle (r). 

Why do we care about angular momentum? 
T d ib th ti f l t d

→→→
- To describe the motion of electron around 
nucleus

×= prL

Review of vectors
Conservation of angular
momentum

- We use cartesian coordinates to represent vectors: 
→→→→

⋅+⋅+⋅= kAjAiAA zyx

The magnitude of the vector is its length:
222
zyx AAAA ++=

→

The magnitude of the vector is its length: y

Sum of two vectors:
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+++++=+ kBAjBAiBABA zzyyxx )()()(
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Dot (scalar) product: zzyyxx BABABABABA ⋅+⋅+⋅=⋅⋅=⋅ θcos

scalar
angle between the vectors
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-The cross (vector) product: it is a vector with magnitude: θsin⋅⋅=×
→→→→

BABA

Its direction is perpendicular to the plane defined by vectors A and B:Its direction is perpendicular to the plane defined by vectors A and B:
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V d l ∂∂∂ →→→→ For example, the linear momentum operator:
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Derivative of the vector: dAk
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-Derivative of the vector:
dt
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-We can use vector notation to represent particle’s coordinates:
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Back to Angular MomentumBack to Angular Momentum

Classical mechanics: →→→
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Quantum mechanics:
- Operators will be taken from classical physics:

Classical Quantum
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Can we obtain all three of them simultaneously? ^^^^^^
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Th t bt i ll th t i lt lThus, we cannot obtain all three components simultaneously.

What about magnitude? 
Let’s define magnitude operator as:
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So, we can simultaneously determine the magnitude of orbital angular momentum 
of the particle and one of the components, say z:

→

L

Vector L can lie anywhere on the surface of the cone.

E th h i l bit lL Even though we are using angular orbital
momentum derived from classical physics, this
does NOT mean that the electron is orbiting around
nucleus.

Thus, we can use eigenvalue problem to obtain Lz and L2. But, before doing that, weThus, we can use eigenvalue problem to obtain Lz and L . But, before doing that, we 
need to move to spherical coordinates in order to make partial derivatives separable).

cossinrx Φ= θ

cos
sinsin

rz
ry

=
Φ=

θ
θ

7

2222 zyxr ++=



To convert the operators into spherical coordinates:
sphericalcartesian
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Now, let’s solve the eigenvalue problem: ( ) ( )Φ⋅=Φ ,,
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We try a separation of variables: ( ) ( ) ( )Φ⋅=Φ TSY θθWe try a separation of variables: ( ) ( ) ( )Φ⋅=Φ TSY θθ ,
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Not a suitable wavefunction, 
it is not single-valued
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For T to be single-valued, we have the restriction:
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Derivation of solution for eigenvalues of L2 operator is more complex, so we will 
present only the solution:
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Possible values for m are:-l, -l+1,…0, 1….l-1, l

Thus, the final solutions are:
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Example: if l=2, how many possible outcomes can we have?

2ħ

Lz=mħ

-2ħ
-ħ

0
h⋅= 6L

ħ

2ħz

2ħ

h⋅6
ħ

2ħ If ψ is an eigenfunction of Lz and L2 operators, how 
many outcomes?  

Only one outcomeh6

-ħ

0
Only one outcome

If ψ is not an eigenfunction of Lz and L2 operators, how 
many outcomes?

-2ħ
Five outcomes
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Eigenfunctions Y are called spherical harmonics. They are complex functions. But, to 
visualize them, we can use the real combinations of spherical harmonics defined as:
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Here is how the combinations look like (the plot is made using polar coordinates whereHere is how the combinations look like (the plot is made using polar coordinates, where 
the distance from the origin to a point on the graph is ST):
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In polar coordinates, variables θ and Φ are expressed as angles with z-axis. For 
example:
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The same spherical harmonics are obtained if we solved Schrodinger equation for a-The same spherical harmonics are obtained if we solved Schrodinger equation for a 
particle rotating on a sphere.

-To describe H-atom, we also treat it as a particle rotating on a sphere. The only 
difference is that the solution we obtained in this chapter involves a particle on a 
fixed distance r from the center, while in the case of H-atom, the distance between 
electron and a nucleus is not fixed.  It is determined by Coulombic interactions 
between electron and a nucleus (attractive force that decays as 1/r) Thus the finalbetween electron and a nucleus (attractive force that decays as 1/r). Thus, the final 
wavefunction ψ for H-atom will be a product of spherical harmonic Y and a radial 
function R(r).


