Chapter 4. The Harmonic Oscillator

Energy of a molecule is the sum of translational, rotational, vibrational and
electronic energies.
Translational: kinetic energy of a motion of a molecule as a whole.

Rotational: for two-atomic molecule can be approximated as rigid, two-particle
rotor.

Vibrational: for diatomic molecule can be approximated by a harmonic oscillator.
In this chapter, we will solve Scrodinger equation for a harmonic oscillator.
In this case, the potential energy is not constant, making Schrodinger equation a

more complex differential equation. So, first we have to learn how to solve
differential equations using power series.

Power-Series Solution of Differential Equations:

For example, a differential equation:

y (X)+c°y(x) =0



Power-Series Solution of Differential Equations:

s°+¢c°=0
S ==+IC

Using the auxiliary equation, we have:

The solution is then: Yy = CleiCX + Cze_icx
Since: €' =cos@+ising
The solution can be written as: Yy = ACOSCX + Bsin cx

Now, we will use power series to solve the same equation. First, we assume that the
solution can be expanded in Taylor series about x=0:

Taylor approximation theorem: Function f can be best approximated at x=a
by a polynomial:

P(x) = f(a)+ f'(a)(x—a)+ f"z(a) (x—a)>...

N f(n)
P03

(x—a)’




Taylor Series (an example):

Obtain the Taylor series expansion about x=0 for sinx.

First, we need to obtain the derivatives and their values for a=0:.

sin(x) and its Taylor expansions Zio(-l)uxzm]/(Qn{-l)!

f (x) =sin X f(0)=0 g2 e s g . . . oem
f'(x) =cos X £(0) =1 L3 =i ]
£ (x) = —sin x f"(0)=0 o Sy e j
f"'(X) =—cosx f*0)=-1 & oz ;
f"(x) =sin x fY(x)=0 ‘Oj-_ , ]
15 -
29 Bd 15T }é 157 304 471
N .I:(n) X X3 X5 1 k 2k+1
P(x)=Y (a)(x a)" =0+ X 40-X 1o X o3 DX
= ! 1! 3 5 &~ (2k +1)!
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Power-Series Solution of Differential Equations:

y (X)+c*y(x) =0

Now, we will use power series to solve the same equation. First, we assume that the
solution can be expanded in Taylor series about x=0:

y(X) = a, +a,X+a,X* +....
y(x) =2 aX"
n=0
y'(X) =a, +2a,X+3a,X° +....

y'(x)=> nax"*
n=1

Differentiating, we have:

y"(X) = 2a, +3(2)aX +....

y'(x) =Y n(n-1)a,x"?

Second derivative gives:



Power-Series Solution of Differential Equations:

So, our differential equation becomes:

o0

Z n(n—1a x"* + f:czanxn =0
n=0

n=2
Next, we want to combine the sums using the following rule:

o0

Shx+3ex =3 (b, +¢,)x
i=0 j=0

j=0

To use this rule, the summation limits in each sum of our expression need to be
the same and the powers of x need to be the same. To do so, we need to modify
the summation:

o0

S n(n-1a,x"2 =Y (k+2)(k +Da,x* =3 (n+2)(n+1)a, ,x"
n=2 k=0 n=0
/

Since the summation index is a dummy variable.
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Power-Series Solution of Differential Equations:

- S0, now we can combine sums:

i [(” +2)(n+1a,,, +Cc"a, ] X" =0
n=0

For this equation to be true for all values of x, the coefficients need to be zero
(n+2)(n+Da, ., +c’a, =0

N c‘a,
" (n+2)(n+1)

So, if we know a,, we can get a;, a; If we know a,, we can get a,, a,, a;...Since
there is no restriction to the values of a;, and a,, we give them values A and Bc:

a, =A
a, = Bc



The coefficients become:

a, =A a, = Bc
c’A c’B
ad, =——— d; =—
1-2 2-3
c*A c’B
a4 — a5 =
4.3.2-1 5.4.3.2
C2kA C2k+1B
= (-1 8y, = (—1)"
(2k)! (2k +1)!
So, our function becomes:
y=>ax"= > ax"+ > ax'
n=0 n=0,2,4 n=1,3,5
2k |, 2k 2k+1.,2k+1

N N o
y:AZ;(_l) (2k)!+BkZ::1(_l) (2k+1)!




The two series in the previous equation are the Taylor series for cos(cx) and
sin(cx). Hence, the solution is:

y = Acos(cx) + Bsin(cx)

The One-Dimensional Harmonic Oscillator

1. Classical Treatment: one particle with mass m attracted toward the origin by a
force proportional to the particle’s displacement from the origin:

F = —kx k: force constant

From Newton’s second law, F=ma, we have:
d*x
—kx=m——
dt
This differential equation is the same as the one on slide 1, with c=(k/m)'2. So, the
solution is: 1 %

X = Asin(2zvt +b V=—.—
(2211 +b) 27\ m 8



1D Harmonic Oscillator (classical treatment)

The potential energy can be determined from:

F =—d—V:—kx
dx
Vzlkx2
2

The kinetic energy can be determined from:
X = Asin(2zvt +b)

1 dXx,,
E, = 5 m(a) % = 27rvACos(2z1t +b)

E, =2mz°v’ A% cos’ 2zt + D)



1-D Harmonic Oscillator (classical treatment)

So, the total energy will be:

E=V+E, :%kx2 +2mz’v? A% cos’ (2t +b)

E = 27%v°mA*sin® (27t +b) + 2mz*v? A® cos® (271t +b)
Since sin2x + cos?x=1, we have:
E = 27°v°mA”°

1-D Harmonic Oscillator (Quantum mechanical treatment)

The Hamiltonian operator is:

A A A 2 2 2 2
H=E+V = d2+27z2v2mx2:—h (dz—azxz)

2m dx 2m dx
_27zvm

o =
h
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1-D Harmonic Oscillator (Quantum mechanical treatment)

The Schrodinger equation is:

Hy =Ey
dw ,2mE ,,

+ —aX =0
™ ( ¥ )17

Before solving the equation using power series, it is useful to modify the form by using:
ox®
F(x)=e*p(x)

ax?

w(x)=e * 1(x)
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1-D Harmonic Oscillator (Quantum mechanical treatment)

Differentiating twice gives us:

w':—%e_Tf(xHe_T- f'(x)

ax?

p'=—ce 2 f(x)- ax(—%)e_T f () —Z—ZXe_T - £'(X)

—2;;"67- fr(x)+e 2 £(x)

ax?

p'=e 2 (—af (X)+a’x*f(x)=2ax- f'(X)+ f"(x))
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1-D Harmonic Oscillator (Quantum mechanical treatment)

So, the Schrodinger equation becomes:
2mE
hZ

Now, we can do the power series:

F(x)=c,x"
n=0

f"(x)—2axf'(x)+(

—a)f(x)=0

' -1 -1
f'(x)= Z C,NX"" = Z C,NX"™  Since the first term is zero
n=1 n=0

£ (x)= Y (n+2)(n+1)c, X"

So, the Schrodinger equation becomes:

o0

Z{(n +2)n+1)c, ., —2anc, + ( Z;_lan - ajcn }x” ~0

n=1
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1-D Harmonic Oscillator (Quantum mechanical treatment)

The coefficients again need to be zero, so:

2mE
a+20n— .
h

2T a2 )

We have two arbitrary constants, c, and c,. If we set c, to zero, the solution will have
only even powers of x:

y=e 2 f(x)=e 2 HYcx'=e 2> c,x*
n=0,2,4... 1=0

If we set c, to zero, the solution will have only odd powers of x:

ax? ax’ o ax’ o
2 9 n 9 21+1
y=e 2 f(x)=e 2 Ycx"=e 2D ¢y X"
n=1,3,5... =0
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1-D Harmonic Oscillator (Quantum mechanical treatment)

The general solution of the Schrodinger equation is a linear combination of these
two equations:

aXZ o0 CZXZ o0
2

w=~RAe 2 c,x* +BAe 2 Y ¢, XM
= =0

Now, we must see if any boundary conditions lead to restrictions to the solution. To
do so, we examine the ratios of successive coefficients in each series:

a+4dol - zsz

Even series: 21+2 —
| ™  Forlargel

c,,  (21+1)(21+2)

o
Odd series: ratio is the same: = —
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1-D Harmonic Oscillator (Quantum mechanical treatment)

Now let’s look at the power series expansion for the function: e‘)‘x2

) aX
e ZZ—:].-l—OlXZ N

O[IXZI 0(|+]X2|+1

TR

The ratio of the coefficients in this series is:

|+1

(1 +1)!

a «a

I
04

T+l

The ratio is the same, so we conclude

that for large x, each series goes as €%

2
So, y will behave as  €* for large x

16
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1-D Harmonic Oscillator (Quantum mechanical treatment)

Problem: the wave-function becomes infinity as x goes to infinity. So, the wavefunction
will not be quadratically integrable. To avoid this, we have to stop the series at some
number n. For example, if coefficient becomes zero at some value n=v, the rest of the
coefficients in the series would be zero. To accomplish this, we adjust energy E to
make ¢ =0:

27Tvm
a+2an—2sz a+2av—2mZE:O Q= -
2 = (4 2)n +h1) o 1 :
E — (V-Fajh
1. The harmonic E I

oscillator energy

levels are equally - v=4 v=0,1,2... Quantum number
spaced.

2. Zero-point energy v=3 Vibrational frequency
exists, which suggests -
that the molecules are V=2
not at rest even at v=1

zero kelvin.




1-D Harmonic Oscillator (Quantum mechanical treatment)

The recursion relation becomes: Za(n v)

2 (1 2)n+1) "

The wave functions are then:

-
ox2

e 2 (cy+C,x°+..+c,x") Forveven

Wv:< ax?

e 2 (ex+egxi+.tc,x') Forvodd

As in the particle in a box, it is the boundary condition that force us to quantize the
energy.
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1-D Harmonic Oscillator (Quantum mechanical treatment)

Even functions:  f (—x) = f (X) In this case, the function is symmetric
about the y axis, and:
X2 a a
: jf(x)dx=2j f (x)dx
e—bx
—-a 0

Odd functions:  f (—x) = — f (X)

. [ f()dx=0
xe* —a

1

X

Let’s consider the wave functions in more detail. The exponential factor e‘)‘x2
Is an even function of x. If v is even, the polynomial part of the equation is an even
function, so the overall wave function is even. If v is odd, the wave function is also

odd. 19



1-D Harmonic Oscillator (Quantum mechanical treatment)

The wave function for v=0: _ox®

_ 2
Wo =Co€

We obtain ¢, by normalization:

From appendix:

< 2 < 2
j c,e™ ™ dx = 2¢,’ J' e dx =1
0 0

20021\/2:1
2\«

CO— -
T

X 2
je‘bx dx
0

ax?

. A . o
The wave function for v=0 is then: W, = 4/;6 2

1z

2

b
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1-D Harmonic Oscillator (Quantum mechanical treatment)

For v=1: ax?

Wy, =C/Xe 2
Again, the coefficient c, is obtained from normalization:

< 2 < 2
j ¢’ x% ™ dx = 2¢,” j X dx=1 |
; From appendix:

1.3-....2n=D [ «

2N ~—bx?
_[ X'e™ dx =
) 2n+1 b2n+1

21 ’72'
2C12 ?:1

1 3 1

c,=22a'r ¢

So, the wave function for v=1 is: 1 3 1 ax?
W, =2°ar *xe *?
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1-D Harmonic Oscillator (Quantum mechanical treatment)

For v=2:

ax?

=(c, +C,x%)e 2

From recursion relation:

2a(n—V) 2c(0-2)
Crio = C, —— = =2
© (n+2)n+1) o (0+2)0 +1) e
So, the wave function is: o2

v, =C,(1-2ax’)e
The ¢, in 'Y, is not the same as ¢, in ',. It needs to be evaluated by normalization:

j c,”(1-2ax2)%e ™ dx = 2¢,° j (1—4dax® +4a’x)e ™ dx =1
o 0

o0

2C02I o olx — 405_[X€“X dx + 4o jxe”‘X dx [=1

0
22



1-D Harmonic Oscillator (Quantum mechanical treatment)

2¢,’ 3\/2—4041‘/1“4@21'3‘/ =1
_2 o 4\ o 2° o

\/E_\/LE\/EP

o a 2\o

c, =4|-%-

° Ar

So, the wave function for v=2 is:

2¢,°

1
_2

23



1-D Harmonic Oscillator (Quantum mechanical treatment)

iyl
= L
JﬁL

w  Harmenio csoillador
Besiedl  potential ane
wavefunctions

- The number of nodes equals the quantum number v.

- According to quantum-mechanical solution, there is some probability of finding a
particle anywhere on x-axis. According to classical solution, the particle can be found
only in the region where V<E. 1% v

24



1-D Harmonic Oscillator (Quantum mechanical treatment)

The classically-allowed region (V<E) for harmonic oscillator is:

1
E=(v+>)h
(v+2)hv

V = 27%v°mx*
V <E

27°v mx® < (V+ %)h 1%

(v+D)h
X% < 2

275m

1 1 1
—(2v+1)? <a?x<(2v+1)2

Classical
A probabiity 15, 1
Quantum 5
: probatility T\
./....:}..._f.h,c...
—

rm2

nm1
VA BV NS

T n=10

With higher quantum number,
the maximum probability is
farther from the origin.
Classical and quantum
description become more alike
for larger quantum numbers.
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Vibration of Molecules

-Electrons and nuclei can be treated separately.
-We first solve S. equation for electronic energy U at all positions of nuclei U=U(R).
-Then we solve S. equation for nuclear motion using U(R) as the potential energy.

- The energy of the system is the sum of Ek for translational motion and energy of
internal motion of particles relative to each other.

For diatomic molecule: internal energy is sum of vibrational energy of two nuclei and
their rotational energy. They can be treated separately. Here we consider vibrations.

Energy

| I|' Dissociation Energy

:_________.__—:

[=

Internuclear Separation (r)

We can see that the pot. energy for vibration
of a diatomic molecule can be well

approximated by pot. energy for harmonic
oscillator.

E,, =(V+ %)h Ve

1 [k
V,=— |—
27w\ u
— m1m2
m, +m,
k d*U 26
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Vibration of Molecules

As quantum number increases, the potential energy substantially deviates from the
harmonic oscillator approximation. Instead of being equally spaced, vibrational
energy levels become closer and closer to each other.

Eventually, the vibrational energy is large enough for molecule to dissociate: diatomic
molecule has a finite number of vibrational levels, unlike harmonic oscillator.

A more accurate expression that accounts for anharmonicity is:

E = (VDY = (V)R

-Using the time-dependent S. equation, one finds that the most probable vibrational
transitions are for Av=+1.

-For absorption or emission, the vibration must change the molecule’s dipole
moment. So, H, and O, cannot absorb energy to undergo vibrational transition.
-The energy for vibrations falls in the mid-IR region.

- Overtones also appear, but they are weak.

-The relative population of two molecular energy levels is given by Boltzmann

distribution law: Here, g is the degeneracy of the level: for a non-

~(Ei-Ej) degenerate level, g=1. For small diatomics, only v=0
Ni 0 o K level is populated. But, for heavy molecules such as
N . — g. 12, there is significant population of one or more
j j vibrational excited states. 21



Vibration of Molecules

Example: The v=0—1 band of LiH occurs at 1359 cm-'. Calculate the ratio of the
v=1 to v=0 populations at 25 °C and at 200 °C.

v =1359¢m”

AE =hcv =6.62-10°%J-3-10°cm/s-1359cm™ = 2.7.10°%°

~(Ei-Ej) 2.7107° ]
N _ 9i e KT —g@ 13810%3/K-298K — () 0017 At 25 °C
N; 9,
N;
N—=O.016 At 200 °C

J
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Numerical Solution of the 1D Time Independent Schrodinger Equation

S. equation can be solved analytically for the particle in a box and the harmonic
oscillator. For many potential energy functions, one particle, 1D S. equation can be
solved only numerically.

Numerov Method

Taylor series for a function f(x):

f(x)= f(a)+ f'(a)(llx‘a)l R f"("")(zf‘a)z ..

Let a=x,, and s=x-a=x-X,:

1 1 " 2 " 3 (iv) 4 (v) 5
F(x +8)=f(x )+ PO, 00)s* 7008 Y (x)s" £ (x,)s
1 2! 3 4] 5l
Replacement of s by —s gives:

POOS), 00)s_ 70u)s" F(x)st FYx)S

6, -9)=1(¢)-— Zl 3, . .

29



Numerov Method

Addition of the last two equations gives:
.|: (iv) (Xn)54
12

f(x +8)+ f(x —s)=2f(x )+ f"(x)s’+

- We neglected the terms higher than s°. This is ok for small s.
- In solving the S. equation numerically, we will divide the x axis into small
intervals, each of length s. We relabel things as follows:

fo=1f(x —s)
f=f(x)
f o =f(x +5)

The addition equation becomes:

i 4
f s The n subscript means that the functions
12 are evaluated at point x,.

fv) o4
12

f +f  =2f +f" s°+

f =—f  +2f +f" s°+

n+1

30



Numerov Method

Replacing f by wave function ¥, we have:

(iv) 4
(1] W S
Vo = Wpat ZWn " 52 + 12”
So, we need the second and forth derivative of ¥. The S. equation gives:
n dy
—— +Vy =E
oma Y
m
p'=—(2V -2E)y
J y,
Y
G
To obtain the forth derivative (¥(V)s#), we use the equation:
f V) o4
fo=—f  12f +f" s?p "

12
Here, we replace f by ¥’ and multiply the resulting equation by s?:

w“.s*  Neglect the sixth derivative
12 and multiply by s2.

1 _ n 1" (IV) 2
Vnwn="V¥ n—1+2l)” Y S+

" 2 " 2 n 2 (iv) ~4
Wn+ls a4 n—1S +2W nS Y nS 31



Numerov Method

l//(w) S _W n+1S +l//nls _Zl/l

Substitution of the S. equation ¥’=G V¥ gives:

(V) 4 2 2 2
4 ! nS = Gn+1Wn+1S +Gn—1Wn—1S _ZGnW S

Substituting these derivatives into our Taylor sum, we get:

N

(iv) S4
n
Vit = Woa + 20+ 8"+

12

W

GnJrll)”nHS2 + Gn—lliyn—lSZ B 2Gnl//nsz

Wn+1 l//n 1+2l//n +G l//

12
Solving equation for ¥, ,4, we get: dQy —w .+ 5G,,8° n G, WS’
v _ n n-1 6 12
n+1 1 Gm_ls
12

This equation allows us to calculate ¥,,, 4, if we know ¥, and ¥, ,
32



Numerov Method

How to use the Numerov method:
We guess the value for energy E.

We divide x into small intervals, say s=0.0001.
We pick at x,, to be small: ', ,,,=0.0001.

We solve the Numerov equation for n=1.

We want x ., to be ¥, ..=0 and the number of
nodes to be zero (for ground state).

We keep guessing E until we satisfy conditions
under 6.

SRS

~

Dimensionless Variables:

At x, (classically forbidden region), we set ¥,=0.

What energies should we use as a guess in the Numerov method: 10-2° J, 10-1% J..?
To answer this question, we reformulate S. equation using dimensionless variables,

taking the harmonic oscillator as the example.
We seek for energy and coordinate x to have no units:

E

X

r

r

E

TA
_X
B
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Dimensionless Variables:

The dimensions of energy are mass x length? x time2: [E]=ML?T=.

For harmonic oscillator: V=kx?/2. Since x has dimension of length and the
dimensions of energy are listed above, the dimensions of k are: [k]=MT-2,
For mass: [m]=M; for h, the units are: [A]=ML2T-.

Let A=makPRhe:

[A] — [makbhc] - M a(MT—Z)b(MLZT —1)c - M a+b+c L2c-|- —2b—c

a+b+c=1
2c=2 So, the solution is: A=m-12k"2
—2b—-c=-2

Let B=md9keh'. B needs to be: B=m-14k-14 R12,

E
So, the reduced variables are: E =—7—
m 2k2h
X
X =

34



Dimensionless Variables:

Using k'2=2nvm'2 and a=2rnvm/h, we have the alternative expression:

- E
hy
1
X =a?X

r

Since [W2dx is the probability, it needs to be dimensionless. So, the wave function
¥ must have the dimensions of length-'2. Since B has units of length:

-

B_E
We now rewrite the S. equation in terms of reduced variables:

dy _ d? B_;W :B—;idwr :B_; d dy, dx :B_; d dy, dx dx
dx*  dx’ r dx dx dx dx.  dx dx. dx dx dx
Since x.=x/B, dx,=dx/B and dx,/dx=B-1. Thus, we have:
d? - d?
W = B 2 > WI’ =

dx? dx 35
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Dimensionless Variables:

The harmonic oscillator equation is:

h* d?
_% dxlg +Vy =Ey > With dimensions
hz 5 dZWr 1 1 L
_%B 2W+§erBzB 2y = AE,B 2y, > Without dimensions

r

Division by B-12 and substitution of A and B constants gives:

h? d?
“om g TV EV
2 11 2 11 11
_;—l—mZkZh‘1 C:j Ve y ; kx.m 2k 2hy, =m 2K2hE v,
m xr
d2
dxl/jzr _(XIZ_ZEI)WI

G 36



Dimensionless Variables:

-Now, we can expect lowest energy eigenvalue to be on the order of 1.
- We can use Numerov method for relative values using intervals s,=s/B.

Choice of X, ,, X, @nd s

Suppose we want to find all the harmonic oscillator eigenvalues and eigenfunctions
with Er<5. We need to find classically-forbidden regions (when E=V,):

1 1 1 11
v ket CkExem 2k 2h
V. = __2 _ 2 == x?
S 11 1 o T
m 2k2n  m 2k?h m 2h

So, for Er=5, xr=-3.16 to +3.16. So, it's reasonable to use a range for xr of -5 to +5.
For reasonable accuracy, we need ~100 points, so sr=0.1
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Using Excel Spreadsheet for the Numerov Method:

1. In cell A1, put a title: Numerov Method for Schrodinger equation, V=0.5kx"2
2. In cell A3 enter Er=

3. In cell B3 enter 0 (our initial guess for energy)

4. In cell C3 enter sr=

5. In cell D3 enter 0.1

6. In cell A5 enter xr

7. In cell BS enter Gr

8. In cell C5 enter psir

9. In cell A7 enter -5

10. In cell A8 enter =A7+3$D$3

11. Copy cell A8 and paste in cells A9-A107

12. In cell B7 enter =A7/2-2*$B$3

13. Copy cell B7 and paste in cells B8-B107

14. In cell C7 enter O

15. In cell C8 enter 1E-4

16. In cell C9, enter:
=(2*C8-C7+5*B8*C8*$D$3/2/6+B7*C7*$D$3"2/12)/(1-B9*$D$3"2/12)
17. Copy cell C9 and paste in cells C10-C107.

18. In cell D9 enter =IF(C9*C8<0,1,0)

19. Copy cell D9 and paste in cells D10-D107.

20. In cell E2 enter nodes=

21. In cell F2 enter =SUM(D9:D107) 38



Using Excel Spreadsheet for the Numerov Method:

22. Select cells A7-A107 and C7-C107

23. Insert-Chart-XY Scatter

24. Change Eguess until you have 0 nodes (for ground state) and the wave function
is zero at xr>5. The solution should be at Eguess=0.5.

25. If you want program to do the guessing for you: Tools-Solver: In “Set Target Cell
Box”, enter $C$107; In Value, put 0. In “By Changing Cells Box” enter $B$3.
Click Solve.
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